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Abstract 

It has recently been shown that a simple empirical formula, in terms of the mass number and the 
valence nucleon numbers, is able to describe the main trends of the lowest excitation energies of the 
natural parity even multipole states up to 10"*" in even-even nuclei throughout the entire periodic 
table. In an effort to understand why such a simple formula is so capable, we investigate the 
possibility of associating each term of the empirical formula with the specific part of the measured 
excitation energy graph. 
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In a series of recent publications [2I, I^, Q] , we have shown that a simple empirical formula 
was able to explain the main trends of the lowest excitation energies of the natural parity 
even multipole states in even-even nuclei throughout the entire periodic table. This formula, 
which depends only on the mass number A, the valence proton number Np, and the valence 
neutron number N^, is written as: 



= aA-^ + (3pe-^-'^- + /3„e-^"''" (1) 

where the six model parameters, a, 7, (3p, Xp, /5„, and are determined from the data 
for each multipole. The particular structure of Eq. ([1]) was first envisaged by inspecting the 
plots of the measured lowest excitation energies, which were connected along the isotopic 
and isotonic chains [4]. While this equation has a very simple form that can explain the 
main shape of the lowest excitation energy graph for all the natural parity even multipole 
states up to 10^ in even-even nuclei, any possible reasons why it is so capable have not been 
discussed until now. The intention of this study is therefore to investigate the possibility of 
associating each term of Eq. ([1]) with some specific part of the measured excitation energy 
graph. 

In the upper panel of Fig.[T], the measured excitation energies are shown of the first 2"*" 
(empty circle), 4+ (solid circle), 6"*" (empty triangle), 8"^ (solid triangle), and 10"^ (empty 
square) states in even-even nuclei as a function of the mass number, A. The measured 
excitation energies for the first 2^ states are cited from the compilation in Raman et al. sl 
and those for the other multipole states are extracted from the Tables of Isotopes, 8th edition 
by Firestone et al. [6]. The plotted points are connected by solid lines along the isotopic 
chains. The lower panel of Fig.[l] shows the energies of the first excited states calculated 
by Eq. ([T]), with the parameter set given in Tab.[Tl The parameter values in Tab. [I] were 
calculated in Ref. m, while the graph in Fig.[T] is actually the same as the graphs found 
in Figs. 1-5 of Ref. It is evident that the shape of the graph drawn from Eq. ([1]) in the 
lower panel is quite similar to the shape of the graph that was determined by the data in 
the upper panel. Considering the fact that Fig. [1] contains all the lowest excitation energies 
of the natural parity even multipole states up to 10^ in all the even-even nuclei throughout 
the entire periodic table, the prediction power of Eq. ([T]) should not be underestimated. 

The source of the beauty demonstrated by Eq. ([T]) in its ability to reproduce such a 
complex excitation energy graph, as shown in the upper panel of Fig.[Tl can be traced back 
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to the valence nucleon numbers Np and Nn adopted in this equation. The valence proton 
(neutron) number Np {Nn) of a nucleus, with the atomic (neutron) number Z {N), is defined 
by 

{ Z (N)- Nc-i if Nc-i < Z (N)< Mc 
iVp (iVn) = ^ ^ ^ ' (2) 

[N^-Z (N) if < Z (A^) < N^ 

where, Nc is the magic number for the c-th major shell, which is given by A^o = 0, A^^i = 8, 

N2 = 20, iVs = 28, N4 = 50, A^5 = 82, and Nq = 126, and so on. Also, is the average 




FIG. 1: Excitation energies of the first 2"*" (empty circle), 4"*" (solid circle), 6^ (empty triangle), S"*" 
(solid triangle), and 10^ (empty square) states in even-even nuclei. The points are connected by 
solid lines along the isotopic chains. The upper panel shows the measured excitation energies 5|)l6|, 
while the lower panel shows those calculated by Eq. ([T|) with the parameter set given in Tab. HI 
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of the two adjacent magic numbers, {Nc-i + Nc)/2, which corresponds to the number of 
nucleons contained in the mid-shell nucleus of the c-th major shell. The valence nucleon 
numbers, Np and A^„, are maximum for the mid-shell nuclei and zero for the magic shell 
nuclei. Eq. ([2]) conveys that the valence proton (neutron) number Np (Nn) is equal to the 
number of proton (neutron) particles above the highest filled major shell, or is equal to 
the number of proton (neutron) holes, if the Fermi level is beyond the mid-shell within the 
highest proton (neutron) major shell. The valence nucleon numbers Np and Nn, for example, 
of a Mercury isotope ^8oHgi28 = 2 and Nn = 2 because there are two proton holes 

and two neutron particles in '^so^Sus- 

The right hand side of Eq. ([T]) is composed of three terms; the first term, which depends 
only on the mass number A, the second term, which depends only on the valence proton 
number Np, and the third term, which depends only on the valence neutron number Nn- And 
it is extremely satisfying to realize that meaningful quantities, which are related exclusively 
to each term of Eq. ([T]), can be extracted from the data shown in Fig.[T] by the method 
described below. 

Firstly, by taking the lowest excitation energy -E™'^ found in the nucleus near the proton 
mid-shell and near the neutron mid-shell, the excitation energy can then be expressed by 

TABLE I: The values adopted for the six parameters in Eq. ([T|) for the excitation energy of the first 
natural parity even multipole states including 2^, 4^, 6^ , Sf , and 10^ states. These parameter 
values have been quoted from Ref. jj]. The last column is the total number, A'tot of the data 
points for the corresponding multipole state. 



Jf 


a 


7 




f3n 


Xp 




iVtot 




(MeV) 




(MeV) (MeV) 








2^ 


68.37 


1.34 


0.83 


1.17 


0.42 


0.28 


557 


4^ 


268.04 


1.38 


1.21 


1.68 


0.33 


0.23 


430 


6^ 


598.17 


1.38 


1.40 


1.64 


0.31 


0.18 


375 


8^ 


1438.59 


1.45 


1.34 


1.50 


0.26 


0.15 


309 


wt 


2316.85 


1.47 


1.36 


1.65 


0.21 


0.14 


265 
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only the first term of Eq. ([T]) as: 

Ef^ ^ aA-\ (3) 

Tliis is because tlie remaining two terms of Eq. ([1]) become practically zero, since the values 
of Np and are quite large and amount to several tens for nuclei which belong to higher 
major shells. Fig.[2] shows the measured excitation energies Ex{2i) (solid square), Ex{^i) 
(empty square), E^iQ^) (solid circle), E^i^ii) (empty circle), and E^ilQ^) (solid triangle) 
of the lowest excited states found in five nuclei. These nuclei are near the doubly mid- 
shell region with large valence nucleon numbers such as 38Sr4o, sgSrgo, ^60^*^68) ^ee-^ygs' 
^ggCmi52. Fig. [2] also shows solid lines drawn according to Eq. ([3]) that represent five natural 
parity even multipoles, 2+ ~ lO'*". As expected, it can be seen in Fig. |2] that the measured 
excitation energies lie quite close to the lines predicted by Eq. ([3]). Thus the two parameters, 
a and 7, from Eq. ([T]) can be determined solely by the excitation energies found in nuclei 
near the doubly mid-shell region. 

In addition, it is well known that the low-energy spectra of even-even nuclei, especially 
near the doubly mid-shell region, exhibit a strikingly simple pattern tJ. Such a pattern is 
known as the rotational band and consists of a sequence of states with J'^ = 2"^, 4"'',- ■ -, and 




FIG. 2: Measured excitation energies of the first (solid square), 4^" (empty square), (solid 
circle), 8^ (empty circle), and 10]'' (solid triangle) states of five nuclei that are near the doubly 
mid-shell region with large valence nucleon numbers. The solid lines are drawn according to Eq. ([3]). 
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their excitation energies Ef'^{J+) follow the relation 

ETV^) = i^L±^ (4) 

where / is the effective moment of inertia of the nucleus. The pattern can be clearly observed 
from the data in the upper panel of Fig.[Tl while the recently proposed empirical formula 
satisfactorily reproduces this pattern as can be seen from the lower panel of the same figure. 

One of the characteristic features of the rotational band is the constancy of the energy 
ratios Ef'^{J+)/Ef'^{2+) as determined by Eq. Q, namely E{J)/E{2) = 10/3, 21/3, 36/3, 
and 55/3 for J = 4, 6, 8, and 10, respectively 8|]. In Fig.[3l the solid lines represent the 
energy ratios E^^'^{J~^)/E^^'^{2~^) calculated by the empirical formula, Eq. ([3]), while the 
horizontal dashed lines depict the same energy ratios given by the rotational band energies, 
Eq. (jll). From this figure, it can be seen that the first term aA~'^ of the recently proposed 
empirical formula complies with the rule of the rotational band for a wide range of the 
mass number A and, therefore, we can say that the two parameters a and 7 in the recently 
proposed empirical formula carry the information about the effective moment of inertia for 
deformed nuclei near the doubly mid-shell region. 




FIG. 3: Excitation energy ratios E"™ (J"^)/S™ (2^) (solid lines) calculated by the empirical 
formula, Eq. The horizontal dashed lines denote the same energy ratios determined by the 
rotational band energies, Eq. 
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TABLE II: Average values of the excitation energy differences, | AE'Jl and | AE'^I and the parameter 
products 2/3„A„ and 2j3p\p. 







28 A 




2/9 A 




(MeV) 


(MeV) 


(MeV) 


(MeV) 




0.99±0.02 


0.66 


0.70±0.04 


0.70 




0.97±0.07 


0.77 


0.59±0.08 


0.80 


6^ 


0.63±0.05 


0.59 


0.99±0.16 


0.87 


8^ 


0.50±0.07 


0.45 


0.49±0.14 


0.70 


10+ 


0.45±0.11 


0.46 


0.31±0.07 


0.57 



The next consideration is the difference, Ai?^, of the excitation energies between the two 
adjacent nuclei in which neutron numbers differ by two along the isotopic chain. It then 
reduces to 

AEl = E,{Z,N + 2) - E^{Z,N) 

because [A + 2)"''' ^ A~'^ for large A and the second term of Eq. ([T]) is constant for nuclei 
along the isotopic chain. The upper (lower) sign applies when the nucleus is located below 
(above) the neutron mid-shell. We can relate the parameter product /5„A„ directly to a 
measured quantity if we evaluate the difference Ai?^ for magic nuclei where Nn = 0. Eq. ([5]) 
is then further simplified to 

|AE;(iV„ = 0)| ^2/3„A„. (6) 

Similarly, the excitation energy difference AE^ between the two adjacent nuclei in which 
atomic numbers differ by two along the isotonic chain can be simplified to 

\AE:{Np = 0)\^2PpXp (7) 

when evaluated for A'p = 0. 

The average values of the left hand sides of Eq. and ([7]) have been taken from the data. 
The results for the even multipole natural parity states up to 10+ are listed in Tab.HTlin the 
second (for lAE'^l) and in the fourth (for lAE'^l) columns. These averages can be compared 
with the parameter products listed in the third (2/3„A„) and in the last (2/3pAp) columns 



in Tab.lTTt where the parameter values are quoted from Tab.[Tl From Tab.HTl it can be seen 
that the |Aii^2^| averages taken from the data are reasonably represented by the product 
of parameters (3 and A, which are determined by the recently proposed empirical formula. 
Thus the two parameters (3n and A„ in our empirical formula can be determined solely by 
the excitation energy difference between the two adjacent nuclei along the isotopic chain 
and the two parameters j3p and \p can be similarly determined along the isotonic chain. 

As a first step in the effort to understand why the empirical formula, Eq. ([1]) , with such a 
simple form can describe the lowest excitation energy graph of natural parity even multipole 
states in all the even-even nuclei throughout the entire periodic table, we have shown that 
each term of Eq. ([T]) can be associated with some specific part of the measured excitation 
energy graph. The excitation energies E^-, shown in Fig.[Tl can be divided into the following 
two parts: the first part is where E^s are minimum and the second part is where E^s 
are maximum. The excitation energies E^ are minimum in the mid-shell nuclei where the 
valence nucleon numbers Np and A^^^ are large. Therefore, E^ can be represented by only 
the first term aA~^ which is dependent on the mass number A since values of the remaining 
exponential terms are practically zero due to the large negative exponent. Furthermore, the 
excitation energies of even-even nuclei near the doubly mid-shell region constitute the well- 
known rotational band in which energies are expressed simply by Eq. (jl]). Therefore, the 
two parameters a and 7 in Eq. ([1]) can be fixed solely by the excitation energies found in the 
nuclei near the doubly mid-shell region, and can carry the information about the effective 
moment of inertia for such nuclei. In the case where excitation energies E^ are maximum, 
the difference is taken of the -E^^'s between the two adjacent nuclei in which neutron numbers 
differ by two along the isotopic chain. We have then shown that the difference is only just 
equal to the parameter product, 2/5„A„,. Furthermore, when the difference is taken of the Ex''s 
along the isotonic chain, the difference is equal to 2f3p\p. The six parameters in the empirical 
formula can therefore be fixed exclusively by a different part of the excitation energy graph. 
It is therefore concluded that this is partly the reason why the recently proposed simple 
empirical formula works so effectively. 
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